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Introduction
Perforated plates are used in various industrial applications such as sorting and screening materials. They are also utilized extensively in heating and ventilating installations, balustrade infilling, and acoustics proofing. In architecture, they are often used as internal and external cladding. Perforated plates have also been used for liquid submerged reactor internal structures in nuclear engineering fields. The perforated structures usually support equipment or a component, and a reactor coolant flows through the perforated plates. The reactor internals should be designed to withstand not only normal operating loads but also seismic loads. To check the design requirements, the dynamic responses of the reactor internals due to the forcing functions of a normal operation and earthquakes are computed by commercial computer codes. The adequacy of seismic loadings used for the design of the reactor internals is confirmed by the methods of dynamic analysis using time history or response spectrum techniques. Before the time-history or response spectrum analysis, finiteelement modal analyses of the reactor internals are performed for the appropriate equivalent lumped-mass stick models [1] . It is necessary to idealize a mathematical model consisting of lumped masses connected by elastic massless members to reduce computation time and storage memory. Because the perforated structures of the reactor internals require many elements for a finite-element modal analysis, the finite-element model for the perforated structures cannot be constructed as they currently are. The application of equivalent properties of the perforated structures for the finite-element analysis can be an effective analysis method.
There are many potential applications where perforated materials could be used. In many of these uses, however, the strength and stiffness properties of the perforated plate are very important. Because perforated structures can potentially be used in so many applications in reactor internals involving different geometries, materials, and loading conditions, the equivalent material properties for a design data will be given in a general form. The ratio of the effective elastic modulus of the perforated material, E*, to the elastic modulus of the imperforated solid material, E, will be given, but Poisson's ratio, and v, is assumed to be constant regardless of the ligament efficiency.
The concept of an equivalent solid material is widely used for design analyses of perforated structures that are assumed to have homogeneous material properties, because circular holes in the perforated plate have an identical diameter with a square pattern. As applied herein, the equivalent stiffness of the perforated material is used in place of the stiffness of the solid structures. By evaluating the effect of the perforations, the equivalent effective elastic modulus of the perforated material, E*, was obtained as a function of the elastic modulus of the solid or imperforated material, E. In addition, the effective Poisson's ratio, v*, of the perforated material was also suggested. Poisson's ratio may be used in cases where correction for the load biaxiality is important. The effective elastic constants presented herein are for plane stress conditions and are also applicable for the in-plane loading of the thin perforated sheets of interest. However, the suggested equivalent properties are based on the in-plane loading. The plane stress effective elastic constants given by O'Donnell [2] and Slot and O'Donnell [3] may be conservatively used for all loading conditions, which are adopted by the American Society of Mechanical Engineers Pressure Vessels and Piping Code [4] . Using these effective elastic properties, the designer is able to determine the deflections of the perforated sheet for any geometry of application and any loading conditions using available elastic solutions. However, the effective elastic constants given by O'Donnell [2] are not confirmed for the modal analysis of the perforated plates. It is not convincing that the effective elastic modulus is constant regardless of vibration modes and structural boundary conditions. In addition, the suggested effective Poisson's ratio, v*, is > 0.5 in the small ligament efficiency, which is approximately < 0.2. In general, it cannot be applicable in the commercial finiteelement analysis computer codes for a modal analysis. Therefore, this report will suggest the mode-dependent elastic modulus (E*) for the perforated square plates with various boundary conditions as a function of the ligament efficiency. Finally, an example of a partially perforated square plate will be given to check the validity of the newly suggested elastic modulus (E*).
2.
Natural frequency and elastic constant
Fully perforated model
A mathematical model of a square perforated plate with a square penetration pattern is shown in Fig. 1 , where a and h are the width and thickness of the plate, respectively. The equivalent material properties for the square plate are the equivalent modulus of elasticity (E*), the equivalent mass density (r*), and Poisson's ratio (n). To apply the RayleigheRitz approach to the free vibration analysis of the perforated structure, each wet mode shape is approximated by a combination of a finite number of admissible functions,W mn ðx; yÞ, and an appropriate unknown coefficient, q mn :
q mn W mn ðx; yÞexpðiu tÞ
where i ¼ ffiffiffiffiffiffi ffi À1 p and u is the circular natural frequency of the perforated square plate. The indices m and n indicate the mth order polynomial in the x direction and nth order polynomial in the y direction, respectively. The transverse modal function can be defined by a multiplication of the x-and y-directional admissible functions, X m ðxÞ and Y n ðyÞ, as follows: The admissible functions of Eq. (2) are defined as a set of orthogonal polynomial functions satisfying the geometric and natural boundary conditions of the square plate. Because the admissible functions are orthogonal to each other, both Eqs. (3) and (4) should be satisfied.
Determination of orthogonal admissible functions
The first admissible functions can be determined from the boundary conditions of the perforated square plate. The orthogonal polynomials in the interval [0, a] for both the x and y directions can be obtained from the boundary conditions of the square plate. When the plate is fixed along the edges, the displacement and the slope shall be zero.
The orthogonal polynomial functions for all the fixed edges can be obtained by a recurrence formula. The first polynomials for the admissible function in the x or y direction can be derived from a set of boundary conditions written in Eqs. (5) and (6) . The successive orthogonal polynomials can be generated from the recursive formulas based on the GrameSchmidt process described in Dickinson and Di Blasio [5] , and Cupial [6] .
where
The orthogonal polynomial function, X m (x), for the fixed boundary conditions at all edges is plotted in Fig. 2. 
RayleigheRitz method
A sufficiently large finite number of terms, M, in Eq. (2) must be considered to obtain a converged solution, and the vector q of the unknown parameters is introduced to perform numerical calculations:
The total reference kinetic energy T* of the square plate can be obtained using the orthogonal property of the polynomial functions:
The equivalent mass density of the perforated plate can be defined as follows:
The matrix Z of Eq. (12) is a diagonal matrix, which can be calculated as follows:
where the indices u and v also indicate the u th polynomial in the x direction, and the v th polynomial in the y direction, respectively. The total maximum potential energy V of the plate can be computed by integrating the derivatives of the admissible modal functions as follows:
where D* ¼ E*h 3 =12ð1 À n 2 Þ is the flexural rigidity of the perforated plate. Inserting the admissible functions obtained from the recurrence formula into Eq. (15) gives the total maximum potential energy of the rectangular plates as a matrix form:
where the matrix U can also be derived as follows: Fig. 2 e Polynomial admissible functions for the fixed boundary condition.
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and
The prime symbol ( 0 ) in Eqs. (18)e(25) indicates a derivative with respect to the corresponding variable. The relationship between the reference kinetic energy multiplied by its square circular frequency and maximum potential energy is used to extract the natural frequencies of the fully perforated square plate. The Rayleigh quotient for the square plate is given as V/T*. Minimizing the Rayleigh quotient with respect to the unknown parameters q, the Galerkin equation yields:
Partially perforated model
A model of a partially perforated square plate with a square pattern of circular holes is shown in Fig. 3 , where A and h are the width and thickness of the plate, respectively. The width of the peripheral solid region is given as G, and the width of the central perforated region is L. The total reference kinetic energy T* of the partially perforated square plate can be obtained by summation of imperforated peripheral region and central perforated region.
The matrices Z o and Z c of Eq. (27) can be defined as follows:
The total maximum potential energy V of the plate can be computed by integrating the derivatives of the admissible modal functions along the imperforated peripheral region and central perforated region. Fig. 4 e Mode shapes of a solid square plate.
Inserting the admissible functions into Eqs. (30) and (31) gives the total maximum potential energy of the partially perforated square plates as a matrix form:
where the matrices U o and U c can also be derived as:
The prime symbol ( 0 ) in Eqs. (35)e(50) also indicates a derivative with respect to the corresponding variable. Similarly, by minimizing the Rayleigh quotient with respect to the unknown parameters q, the Galerkin equation yields: 
3.

Effective elastic modulus of elasticity
Before embarking upon the analysis of perforated square plates, the admissible functions shall be briefly examined. To check the adequacy of the RayleigheRitz method and admissible functions, two analyses were performed for an imperforated solid square plate. The 10 admissible functions for each direction are used in the theoretical calculation of the natural frequencies for the solid square plate. Finite-element analyses for the same plate were carried out for the fixed boundary conditions using the commercial software ANSYS (ANSYS, Inc., Houston, TX, USA) by applying the block Lanczos method [7] . The finite-element analysis models were constructed with the geometry, boundary condition, and material properties used in the theoretical calculation. The aluminum solid square plate has a 384-mm width and 3-mm thickness. The physical properties of the solid aluminum plate material are as follows: modulus of elasticity ¼ 69.0 GPa, Poisson's ratio ¼ 0.33, and mass density ¼ 2,700 kg/m 3 . The natural frequencies of the solid square plate for the fixed boundary conditions are listed in Table 1 . The mode shapes of the solid square plate, obtained using ANSYS code, are illustrated in Fig. 4 for the fixed boundary conditions. Discrepancies between the theoretical natural frequencies and the results from the finite-element analysis of the solid square plate are negligible as shown in Table 1 . Therefore, it is clear that the admissible functions are suitable to describe the dynamic motion, and the considered total number of the polynomial functions is enough to obtain the converged results. The mode shapes are symmetric or antisymmetric with respect to the centerlines or the diagonal of the plate. The mode shapes of the square plate are characterized as the 
Boundary condition
Coefficients of polynomials
Fixed edges 0.06810 1.47653 À1:35658 2.25533 À1:44540 N u c l E n g T e c h n o l 4 7 ( 2 0 1 5 ) 5 0 0 e5 1 1 symmetry with respect to the plate diagonal. The symmetric or antisymmetric mode shapes cannot be found with respect to the plate diagonal in the rectangular plate. The second, sixth, and seventh mode shapes for the fixed square plate are antisymmetric with respect to the plate diagonal.
To extract the equivalent modulus of elasticity as a function of ligament efficiency, a perforated square plate with a square pattern of holes was examined using the finite-element analysis. The geometry and physical properties of a fully perforated square plate model are listed in Table 2 . The configuration of the perforated square plate illustrated in Fig. 5 is used to extract the equivalent material property or effective modulus of elasticity. The number of circular holes in the plate is enough to extract the equivalent properties. The typical finite-element modal analysis for the fully perforated square plate shown in Fig. 6 was carried out using the commercial computer software ANSYS. The natural frequencies of the perforated plate are normalized with respect to those of an imperforated solid plate as a function of the ligament efficiency. The ligament efficiency, h, is defined as the ligament gap divided by the pitch Fig. 9 e Typical mode shapes of a perforated square plate (h ¼ 0.5). 
(ped)/p. Fig. 7 shows the normalized natural frequencies of the plate with fixed edges. As the flexural rigidity of the plate is reduced rapidly and the inertia of the plate is proportionally reduced with the hole size, the normalized natural frequencies are decreased. As a rule, for the fixed case, the normalized natural frequencies of the perforated square plate do not depend on the mode number, but on the ligament efficiency only as illustrated in Fig. 7 . The normalized natural frequencies for the fixed case can be categorized into three regions: the first region between approximately h ¼ 0.8 and h ¼ 1.0 shows a slow reduction in normalized natural frequencies; the second region between approximately h ¼ 0.8 and h ¼ 0.2 represents a linear reduction of normalized natural frequencies, and finally; the third region, less than h ¼ 0.2, reveals an abrupt reduction in normalized natural frequencies.
The effective moduli of elasticity of the perforated square plate are obtained using an inverse method as shown in Fig. 8 . The effective moduli of elasticity of the perforated square plate with the fixed edges do not depend on the mode number, but are given as a function of the ligament efficiency. The normalized effective moduli of elasticity, j, can be approximated by polynomials given in Eq. (52).
The coefficients of polynomials for the normalized effective moduli of elasticity are obtained by curve fitting and listed in Table 3 .
The typical mode shapes of the perforated square plate with fixed edges are shown in Fig. 9 
Applications and discussion
The elastic constant extracted is checked for applicability to the partially perforated square plate. An example is selected as shown in Fig. 10 . The geometry and material properties are listed in Table 4 . The partially perforated plate is assumed to N u c l E n g T e c h n o l 4 7 ( 2 0 1 5 ) 5 0 0 e5 1 1 be a square plate, which is divided into two solid regions, as shown in Fig. 3 . As the inner perforated square region can be regarded as a homogeneous plate, it has an effective modulus of elasticity and an equivalent mass density, but the outer solid region has an original modulus of elasticity and an original mass density. The effective modulus of elasticity of the inner perforated square region is determined by Eq. (52) and the equivalent mass density is calculated by Eq. (13). Finally, the theoretical natural frequencies can be calculated using Eq. (51). A finite-element analysis for the partially perforated plate defined by Fig. 10 and Table 4 was performed to confirm the theoretical method characterized by Eq. (51). The natural frequencies of the partially perforated square plate are extracted by the suggested theory and two finiteelement analyses. The results from the finite-element analysis using effective modulus of elasticity (E*) are compared with those from the finite-element analysis of the perforated plate model. It will show the validity of the effective modulus of elasticity for the perforated square plate modal analysis. The effective modulus of elasticity (E*) calculated by Eq. (52) and the Fig. 11 e Mode shapes for a partially perforated square plate using equivalent material properties. 
equivalent density (r*) given by Eq. (13) are used in the finiteelement analysis with the homogeneous model. Table 5 shows 12 natural frequencies of the partially perforated square plate with fixed edges. As it is found that the discrepancies between finite element method (FEM) results are < 1%, the effective modulus of elasticity and the equivalent density can be used in the modal analysis of the partially perforated square plate with fixed edges regardless of the modes. The theoretical estimation of the partially perforated square plate with fixed edges is also carried out using the commercial software Mathcad 14 (Parametric Technology Corp., Needham, MA, USA). Discrepancies between FEM results and the theoretical estimation are approximately less than 1%. It is clear that the RayleigheRitz method applying the effective modulus of elasticity and the equivalent density is effective in the modal analysis of the partially perforated square plate with fixed edges.
Mode shapes of the partially perforated square plate, based on effective modulus of elasticity, with the fixed edges Fig. 12 e Mode shapes for a partially perforated square plate. 
are illustrated in Fig. 11 . In addition, the mode shapes of the partially perforated square plate as is with the fixed edges are also shown in Fig. 12 
Conclusion
A theoretical analysis for the free vibration of a perforated square plate with a square penetration pattern is suggested. It is found that the natural frequencies of the perforated plate gradually decrease with the hole size. In this study, the natural frequencies of the perforated square plate are obtained as a function of ligament efficiency using the commercial finiteelement analysis code ANSYS. In addition, they are used to extract the effective modulus of elasticity under an assumption of a constant Poisson's ratio. The effective modulus of elasticity of the fully perforated square plate is applied to the modal analysis of a partially perforated square plate using a homogeneous finite-element analysis model. The natural frequencies and the corresponding mode shapes of the homogeneous model are compared with the results of the detailed finite-element analysis model of the partially perforated square plate to check the validity of the effective modulus of elasticity. In addition, the theoretical method to calculate the natural frequencies of a partially perforated square plate with fixed edges is suggested according to the RayleigheRitz method. It is clear that the suggested effective modulus of elasticity can be applicable to the perforated plates with the fixed boundary condition.
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